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where X and y have the same definitions as in eq 5 but 
Z is an adjustable parameter between 1 and 0 and Y = ZX. 
This equation agrees with eq 1 if Z = 0 and with eq 3 if 
Z = 1. At an intermediate value of Z, eq 12 describes the 
Debye function form (eq 1) in the low q range and the 
Peterlin function form (eq 3) in the high q range. Equation 
12 happens to be the same as eq 3.8 of ref 9 in the blob 
theory for a polymer chain in semidilute solutions. How- 
ever, their physical meanings are different; (s2) is expected 
to increase in proportion to N in semidilute solutions, 
whereas the experimental values, which are proportional 
to W+f, are inserted into (s2) for an isolated polymer in 
good solvents. 

Assuming that Z is an adjustable parameter and v = 0.6, 
we evaluated P(6) from eq 12 and compared them with 
experimental data. As shown in Figure 5 ,  satisfactory 
agreement between the calculated and experimental values 
is obtained if we assume Z = 0.05. 

As explained in the Introduction, P(6) of poly(sodium 
acrylate), on the other hand, in the presence of an added 
salt agrees with eq 3 over the entire range of q. This means 
that Z = 1 in eq 12 for polyelectrolytes. Although the 
interaction between nonionic segments and the electro- 
static interaction between charged groups are both con- 
sidered to be excluded volume effects, the former may drop 
much more rapidly than the latter. Moreover, the same 
data are replotted in the form of eq 7 in Figure 4B. The 
slopes a t  high q can give values higher than 0.6 for v, i.e., 
higher than 0.2 for t, a t  low ionic strengths. 

Finally, it  is to be noted that the interpenetration 
function \ k ( Z )  ( =A2M2/4782NA(s2)3/2) calculated from the 

data in Table I is found to be 0.24, 0.21, and 0.23 for M 
= 0.84 X lo7, 1.1 X lo7 and 2.1 X lo7, respectively. This 
result agrees with our previous conclusion that \k(Z) con- 
verges to 0.21 as the molecular weight increases3J7 and also 
with the data reported later.16J8 
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Small-Angle X-ray Scattering Study of Density Fluctuation in 
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ABSTRACT: The intensity of X-rays scattered at  small angles provides a measure of the density fluctuation 
in amorphous solids. Above Tg the density fluctuation is thermally induced and proportional to compressibility, 
while below Tg it has in addition a contribution from frozen-in inhomogeneities. When polystyrene was annealed 
below Tg, the observed behavior depended on the annealing temperature. Between 80 and 100 “C the density 
fluctuation decreased approximately linearly with the logarithm of time, while below 80 “C it remained constant 
in the 24-h observation period. On constant-rate cooling, the observed density fluctuation against temperature 
could be represented by three linear sections, the liquid line above Tg, the glass line below about 80 OC, and 
a transition line between about 80 and 100 “C. Three narrow fractions of 17500,220000, and 18000oO molecular 
weight and a commercial sample were studied and were observed to give a density fluctuation in glass that 
depended sensitively on molecular weight. The behavior of the density fluctuation on isothermal annealing, 
on constant-rate cooling, and on changing molecular weight is very different from the behavior of specific 
volume under similar conditions. Whereas the specific volume might provide a measure of the average free 
volume content, the density fluctuation can be interpreted to reveal the distribution of free volume. The 
small-angle X-ray scattering measurement thus offers a glimpse into the structure of glass from a very different 
angle of view and would prove a valuable tool in our efforts to understand the nature of glass. 

I. Introduction equilibrium. This structural relaxation can be demon- 
When a glassy material is annealed a t  temperatures strated through measurements of various properties, for 

moderately below its glass transition temperature, its in- example, specific volume,’ heat content,2 and creep prop- 
ternal structure undergoes a slow relaxation toward e r t i e ~ . ~  Each of these properties provides a “window” 
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through which a particular glimpse of the underlying 
molecular processes is obtained. A more complete un- 
derstanding of these molecular processes is likely through 
simultaneous measurements of different properties. In this 
work, we study relaxation of the density fluctuation by 
means of the small-angle X-ray scattering technique and 
compare the results with those obtained from volume re- 
laxation measurements. 

Scattering of X-rays at small angles from an amorphous, 
single-phase, single-component material arises from the 
presence of electron density fluctuation caused by the 
irregular, liquid-like placement of atoms. In the case of 
an equilibrium liquid, the extent of this density fluctuation 
is related to the isothermal compressibility or, and the 
intensity I(s)  extrapolated to s = 0 (s = (2 sin 8)/X) is given4 
by 

I (0)  = kTp2/3r (1) 

where p is the average electron density and I (0)  is ex- 
pressed in electron units per unit volume. A number of 
workers"12 have shown that eq 1 is obeyed well by polymer 
liquids above their glass transition temperatures. 

Below Tg eq 1 is no longer expected to hold since a glass 
is in a nonequilibrium state. In fact, when the observed 
compressibility (378 of the glass is substituted for in eq 
1, the predicted I (0)  is much lower than the observed 
~a lue .~J@" Equation 1 denotes the magnitude of dynamic 
density fluctuation induced by thermal energy k T working 
against bulk compliance &. The observed I(0) for glasses, 
much larger than predicted by eq 1, suggests that  the 
density fluctuation in glasses includes a contribution from 
static fluctuation10 that was frozen in during, and possibly 
subsequent to, the glass formation. Thus, the density 
fluctuation of glassy polymers may depend upon the his- 
tory of formation of the glass and also may change with 
time when annealed below Tg. To address these questions, 
in this work we study four polystyrene samples by meas- 
uring the change in the density fluctuation on constant- 
rate heating and cooling and on isothermal annealing a t  
temperatures moderately below Tg. 

11. Density Fluctuation 
Consider a reference volume u of arbitrary shape and 

size. As we move this reference volume around in the 
sample, the number N of electrons falling within the 
volume will fluctuate about the mean ( N ) .  The density 
fluctuation $ ( u )  is defined by 

(2) 

where the angular brackets denote a spatial average over 
the sample (or the scattering volume). 

In general $(u)  depends only weakly on u. In the case 
of a random assemblage of points in space, the probability 
P(N) of finding N points in u is given by a Poisson dis- 
tribution: 

$ 4 ~ )  = ( ( N  - ( N ) ) ' )  / ( N )  

P(N) = ( p ~ ) ~  exp(-pu)/N! (3) 

where p is the average density. In this case $(u )  is equal 
to unity for all u. To gain a feel for the meaning of the 
dependence of $(u) on u, we consider the following exam- 
ples. Suppose that the probability of finding N electrons 
in a reference volume u of a certain size, say u l ,  is given 
by a distribution function Pl(N) of mean pul  and variance 
a'. The density fluctuation $(uJ is equal to u2/pul. Next 
consider a reference volume u2 = 2ul which can be formed 
by joining two neighboring volumes of u1 each. The 
probability P,(N) of finding N electrons in volume u2 can 
be given by a convolution product of two Pl(N)'s, provided 

Density Fluctuation in PS Annealed below Tg 429 

that  the probability distributions of electrons in the 
neighboring volumes are mutually independent. If this is 
the m e ,  then the mean and the variance of Pz(N) are equal 
to pu2 and 2u2, and $(uJ is given by u2/pul = $(u l ) .  By 
repeating the same argument, we conclude that $(u)  is 
invariant for all u greater than ul .  Next consider a ref- 
erence volume u half the size of ul.  If, on dividing u1 into 
two halves, the probability of finding N electrons in the 
second half is not influenced by the knowledge of the 
number of electrons in the first half, then the density 
fluctuation $ ( u l / 2 )  should be equal to $ ( u l ) .  As the ref- 
erence u is further reduced, a point is eventually reached 
at which the electron density between neighboring volumes 
is no longer independent, and $ ( u )  ceases to be inde- 
pendent of u. The above geometric interpretation shows 
that $(u) will in general be independent of u as long as the 
linear scale of u exceeds the distance of atomic correlation 
due to intermolecular forces. 

The intensity of scattered X-rays is determined by the 
spatial distribution of electrons in the sample. Cu Kcu 
radiation of X = 1.54 A takes 5 X lo-'' s for one wave 
period, which is several orders of magnitude shorter than 
the time period of atomic motions. The scattering of 
X-rays is therefore unaffected by atomic motions, and the 
scattered intensity arising from density fluctuation remains 
the same irrespective of whether the fluctuation is dynamic 
or static. 

The intensity I(s) of X-rays scattered by a unit volume 
in the direction s is related to the density fluctuation $(u), 
according to Ruland,'O by 

(4) 

where @(s) is the Fourier transform of the form factor of 
the reference volume u. As shown later, the observed 
intensity scattered from polystyrene (both above and below 
Tg)  can be approximated well by 

$(u) = s: -Z(S);[@(S)]' ds 

I ( s )  = I (0)  exp(bs2) ( 5 )  
where b is an empirical constant. Equation 5 was shown 
to be obeyed also by some other polymers and liquids." 
Substitution of (5) into (4) gives (see Appendix) 

$ ( u )  = $ ( m ) / ( l  - b / ~ u ' / ~ ) ~ / ~  (6) 

#(m) = lim ( l / p ) I ( s )  (7 )  

with 

5-0 

Thus, $(u) is practically independent of u when u is large 
in comparison to b3l2 and increases only moderately when 
u is decreased to a fairly small size. With b equal to 1.3 
nm', appropriate to our polystyrene data, $(u)  for u = 8 
nm3 is about 18% larger than $(m). 

For liquids in thermal equilibrium, the theory of sta- 
tistical thermodynamics shows that 

$(a) = pkTPr  (8) 
With glassy materials the observed density fluctuation 
consists of a dynamic and a quasi-static component: 

(9) 

Here, qqst(u) represents the density fluctuation that is 
frozen in, while the dynamic component $dyn(u) is related 
to the compressibility of the glass, P#, by 

$obsd(U) = $dyn(U) + $'qst(U) 

$dyn(O0) = L'kTpf (10) 

in analogy to eq 8. Even in glasses, there are many degrees 
of freedom with relaxation times much shorter than the 
experimental time scale, and these fast modes can attain 
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thermal equilibrium within the constraints imposed by the 
frozen structure. Equation 10, which describes the com- 
ponent of the density fluctuation due to such fast modes, 
should be valid as long as the time scales of measurement 
of compressibility and of density fluctuation are compa- 
rable. 

A more detailed justification of eq 9 and 10 can be given 
from a statistical mechanical consideration of an  “ideal” 
glass. The notion of a “perfect glass” or a “theorist’s ideal 
glass” was suggested by Edwards.13 In any ideal glass, 
quenched from a temperature To > Tg to  TI < T atomic 
and molecular motions are assumed to belong cfikinctly 
to either fast or slow modes. Those motions belonging to 
slow modes are virtually frozen, while the fast modes 
readily attain thermal equilibrium. The grand canonical 
ensemble representing such an  “ideal” glass then subdi- 
vides itself into a set of subensembles, each representing 
a particular frozen-in configuration of the glass. Within 
each subensemble a thermal equilibrium is maintained and 
the equilibrium statistical mechanics is applicable. As 
described elsewhere,14 a detailed consideration of density 
fluctuation in such an “ideal” glass leads to a more rigorous 
justification of eq 9 and 10, as well as to a clarification of 
the meaning of the terms dynamic and quasi-static fluc- 
tuations. 

111. Experimental Section 
Four polystyrene samples were studied. The anionically po- 

lymerized samples, obtained from Pressure Chemical co., are of 
molecular weight 17 500,233 OOO, and 1 800 000; the first two are 
climed to have Mw/Mn ratios less than 1.06 and the third an 
Mw/Mn < 1.10. A commercial polystyrene, specially prepared to 
contain no additives, was obtained from Monsanto Co., and its 
viscosity-average molecular weight, determined in cyclohexane 
solution at 35 “C, is 215000. 

Small-angle X-ray scattering measurements were performed 
with a Kratky camera with Ni-filtered Cu radiation from a Philips 
XRG3100 generator operating at 45 kV and 40 mA. The Kratky 
camera was modifiedls for use with a one-dimensional position- 
sensitive detector. Since the scattered intensity varied very slowly 
with scattering angle, thus making a good angular resolution 
unimportant, a wide entrance slit of 300-1m width was used in 
order to enhance the intensity of the scattered beam. The stability 
of the incident X-ray beam power was monitored by means of 
a separate scintillation counter mounted to receive some stray 
scattering from the collimating system. The intensity data ob- 
tained from the samples were scaled to absolute units by com- 
parison with scattering from a calibrated Lupolen sample16 kindly 
supplied by Professor 0. Kratky. 

The polystyrene sample was compression molded into a cavity 
in an aluminum sample holder, which was heated by means of 
cartridge heaters. Two thermocouples were placed close to the 
sample; one of them was used as a sensor for the temperature 
controller, and the output from the other was continually recorded 
on a chart recorder. The temperature regulation was achieved 
to within AO.1 “C, and the temperature jump from 120 to, for 
example, 80 “C was essentially completed within about 3 min. 
All the thermal treatment, such as constant-rate cooling and 
heating and isothermal annealing, was performed while the sample 
was kept in the camera under vacuum. 

Figure 1 shows two examples of the observed intensity data, 
after c~rrection’~ for the nonuniformity of the detector efficiercy 
along its length. The logarithm of the slit-smeared intensity Z(s) 
plotted against s2 shows a good linear relation. The intensip Z(s), 
corrected for the slit-length smearing effect, is related to Z(s) by 

‘= 300 

where W(t) is the +-length weighting function. When ?(s) can 
be approximated by Z(0) exp(bs2), Z(s) is also given by Z(0) exp(bs2), 
and Z(0) and Z(0) are related by 

- 

1000 I I 1 I 1 

t I 132 6‘C 

200 1 I I 1 I I 
0 0  0 1  0 2  03 04 05 

s2( nm.2) 
Figure 1. Slit-smeared intensity I(s), obtained with the 233000 
molecul-ar weight fraction at 132.6 and 40.2 “C, is plotted to show 
that In I (s)  is approximately linear with s2 for most of the angular 
range. 

Once properly calibrated, the value of Z(0) can be obtained from 
the measurement of I (s)  at any arbitrary angle. This is especially 
true since the shape of the scattering curve does not change 
measurably with either temperature or time. An-empirical re- 
lationship correlating I(0) to the observed intensity Z(s) integrated 
from s = 0.2 to 0.7 nm-’ was first established by calibrating it at 
several temperatures above and below TB‘ Determination of Z(0) 
could then be accomplished by measuring the scattered intensity 
curve for only 200 or 300 s and then summing the numbers of 
counts on the multichannel analyzer over the channels corre- 
sponding to the required angular range. Because of the large 
number of counts included in the integrated intensity, the error 
due to statistical fluctuation was minimized, and the precision 
of Z(0) values attained was much higher than would have been 
obtained if Z(0) were instead evaluated each time by extrapolation 
of the scattered intensity. In a separate study it was also es- 
tablished that during isothermal annealing the shape of the 
scattered intensity curve remained the same even while the overall 
intensity decreased measurably, so that the calibrated relationship 
could still be used. 

IV. Results and Discussion 
Figure 2 shows the changes in I (0)  observed when the 

sample was at first cooled from above Tg to room tem- 
perature at a rate of 0.3 OC/min and subsequently reheated 
at 0.5 OC/min. (During the 300-9 period while the X-ray 
intensity was collected, the temperature changed by 1.5 
and 2.5 “C, and the points in Figure 2 are plotted on the 
midpoint of the temperature range.) Figure 2a was ob- 
tained with the 233000 molecular weight fraction and 
Figure 2b with the commercial polystyrene. A hyteresis 
loop around Tg is seen clearly in both cases. Shown in 
Figure 3, for comparison, is the specific volume of the 
233 000 molecular weight fraction determined dilatome- 
trically at the same 0.3 OC/min cooling rate. Although the 
overall features are similar, there are many differences in 
detail. Linear extrapolations of the specific volume above 
and below Tg intersect at 97 “C, and the observed specific 
volume around Tg deviates from these extrapolated 
straight lines over only a fairly narrow temperature range 
91-103 “C. For I (0)  observed on cooling the 233 000 mo- 
lecular weight fraction, extrapolations of liquid and glass 
lines intersect at ca. 92 O C ,  and the transition region 
around Tg, in which the observed values deviate from the 
extrapolated lines, now extends over a 30 “C range. The 
I (0)  values in the transition region in fact follow a straight 
line of their own, and at its low-temperature end the 
temperature coefficient changes over fairly abruptly to that 
of the glassy state. When the straight lines in the glassy, 
transition, and liquid regions in Figure 2a are extrapolated 
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Figure 2. Intensity I(O), corrected for slit-smearing effect and 
extrapolated to zero angle, is plotted against temperature. The 
filled square was obtained on cooling the sample at the rate of 
0.3 OC/min, and the open diamond on heating it at 0.5 OC/min. 
(a) 233 000 molecular weight fraction; (b) commercial sample. 

to 0 K, the intercepts obtained are 221, -40, and -324 
electrons2/nm3, respectively. Thus, none of the three linear 
sections can be approximated by a relation implying a 
direct proportionality to temperature. 

In Figure 4, the observed density fluctuation, evaluated 
by dividing I(0) by electron density, is compared with the 
expected dynamic density fluctuation calculated from the 
compressibility data"Js by means of eq 8 and 10. 
Agreement between the observed and calculated values 
above Tg is very good-in fact better than expected in view 
of the experimental difficulties in the determination of 
both I(0) and compressibility. Below T , however, a large 
difference exists between the observed lensity fluctuation 
and the calculated dynamic fluctuation. According to our 
view that the density fluctuation in glasses consists of 
dynamic and quasi-static components, the difference be- 
tween the observed and calculated values can be consid- 
ered to represent the quasi-static density fluctuation. The 
major part of the frozen-in fluctuation is acquired while 
the sample is cooled through the glass transition region. 

.99 1 

t 1 
9 6 l  ' I ' ' ' ' 

BO 80 100 120 
Tern peratu re ("C)  

Figure 3. Plotted against temperature is the specific volume of 
the 233 OOO molecular weight fraction, determined by dilatometry 
on cooling the sample at the rate of 0.3 OC/min. 

n ?  (111111111111 
20 50 100 140 
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Figure 4. Squares represent the density fluctuation of the 233000 
molecular weight fraction obtained by dividing Z(0) (observed on 
cooling) by electron density. The solid line gives the density 
fluctuation calculated according to eq 8 and 10 from the com- 
pressibility data of Quach and Simha.lB The broken line shows 
the density fluctuation calculated similarly from the compres- 
sibility data of Hellwege, Knappe, and Lehmann.17 

However, even a t  temperatures much below Tg, the ob- 
served and calculated density fluctuations in Figure 4 
continue to diverge with decrease in T.  This observation 
suggests that  in glasses further freezing in of degrees of 
freedom continues with decreasing temperature and more 
of the dynamic fluctuations are converted into the qua- 
si-static component. The time scale of measurement of 
the compressibility is probably very much longer than the 
time scale we employed for the density fluctuation mea- 
surement, and therefore a detailed comparison between 
the two may not be warranted, but the important features 
deduced from Figure 4 are likely to be valid despite the 
difference in the time scale. 

Figure 5 shows the change in I (0 )  observed when the 
samples are annealed isothermally a t  temperatures below 
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Figure 5. Change in I (0)  observed on isothermal annealing at 
temperatures indicated is shown. (a) 233 000 molecular weight 
fraction; (b) commercial sample. 

Tg. For both the 233 000 molecular weight fraction and 
the commercial polystyrene, two distinctly different types 
of pattern are observed, depending on the temperature of 
annealing. Above about 80 O C ,  I (0)  decreases approxi- 
mately linearly with the logarithm of time, while below it 
I (0)  remains constant for the duration of observation, 
which extends to 24 h in some cases. The changeover from 
the time-dependent to the apparent time-independent 
behavior occurs over a narrow temperature range of a t  
most several degrees around 80 "C. This temperature 
agrees fairly well with the temperature in Figure 2a,b at  
which the straight lines representing the Tg transition 
region and the glassy region intersect. 

The decrease in the specific volume on isothermal an- 
nealing, observed by dilatometry, is shown in Figure 6. At 
all the annealing temperatures investigated, ranging from 
99.2 to 61.3 "C, the plot of the specific volume against the 
logarithm of time is approximately linear. Although one 
can discern a subtle change in the curvature of the plot 
with change in the temperature, there is no indication of 
a gross change in the volume relaxation behavior a t  around 

\ 72.1 
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t 
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5 10 50 100 500 
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Figure 6. Change in the specific volume of the 233 OOO molecular 
weight fraction, observed by dilatometry on isothermal annealing 
at temperatures indicated is shown. 

80 O C  corresponding to the fairly abrupt change observed 
with the relaxation of the density fluctuation shown in 
Figure 5. Thus, the difference between the density fluc- 
tuation and specific volume observed on constant-rate 
cooling, shown in Figures 2 and 3, is essentially corrobo- 
rated by the isothermal relaxation behaviors. 

Of the decrease in I(0) observed on annealing, questions 
arise whether it is the dynamic or quasi-static fluctuation 
that is decreasing and also in what way it might be related 
to the volume densification. There is unfortunately no 
means of separating the total observed I (0)  into its com- 
ponents a t  present. Adopting some plausible assumption 
relatiing specific volume and compressibility, we make an 
attempt a t  estimating the change in the dynamic density 
fluctuation associated with the observed change in specific 
volume. When pressure is increased, both specific volume 
and compressibility decrease. Similarly, even when the 
volume is densified as a result of relaxation of the glass 
structure instead of an increase in pressure, the com- 
pressibility might still decrease. In the absence of any 
other information, we here make the assumption that the 
compressibility a t  a given temperature is related to the 
specific volume uniquely irrespective of how the volume 
change is induced. We then utilize the data available in 
the literature"J8 on the effect of pressure on compressi- 
bility. According to Quach and SimhaI8 the Tait equation 

1 - V / V ,  = 0.0894 In [ l  + P/B(T)]  (13) 

represents the volume-pressure data well both above and 
below Tr I t  then follows that 

d In &/d 1n v i= 1/0.0894 (14) 

Figure 6 shows that a t  86.5 "C,  for example, the specific 
volume decreased by 0.00061 cm3/g during the time period 
of 20-200 min of annealing. The corresponding decrease 
in the dynamic component of I(O), equal to p2kT&, cal- 
culated according to eq 29 would be about 1.1 elec- 
trons2/nm3. The observed change in I(0) at 86.3 "C, shown 
in Figure 5a, during the same period of annealing is about 
3.1 electron2/nm3. It therefore suggests that the observed 
decrease in I(0) on annealing cannot be associated with the 
volume densification alone. The total change in I (0 )  on 
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in the liquid and glass regions, are 93.4, 92.9, and 87.9 "C 
for the fractions with molecular weight 1990000, 193000, 
and 19 800, respectively. In comparison, the similar in- 
tersections of I (0)  values in Figure 7 show a larger dif- 
ference in the appearent Tg among the three fractions 
having closely corresponding molecular weight. 

In the above it has been shown that the volume and the 
density fluctuation behave very differently on constant- 
rate cooling, on isothermal annealing, and with respect to 
their dependence on molecular weight. Structural relax- 
ation in glassy polymers probably proceeds through a 
number of distinct molecular processes occurring simul- 
taneously. A measuring technique yields an observed value 
that relfects these various molecular processes, each 
weighted according to the sensitivity of the technique to 
that process. The clear difference observed between the 
behavior of volume and density fluctuation thus indicates 
that  these two properties provide information on very 
different types of molecular processes. In the language of 
order parameters frequently employed for the description 
of glasses,20z1 the thermodynamic state of a nonequilibrium 
system is specified by a set of order parameters (Z,] in 
addition to T and p .  A macroscopic property is then given 
as &(iZn},T,p), the functional dependence c$i on {Z,} being 
unique to each property. A change in the said property 
with time is then given by C,(d4i/dZ,)(dZn/dt). If it 
happens that only one order parameter is sufficient to 
describe the nonequilibrium system, the kinetics of re- 
laxation of one macroscopic property, given by (d@i/ 
dZJ(dZ,/dt), will be identical with those of any other 
properties. The fact that  the volume and density fluctu- 
ation follow kinetics very different from each other shows 
that a number of order parameters are required to repre- 
sent the polystyrene glasses studied here. The clear dif- 
ference in the relaxation characteristics between the vol- 
ume and the density fluctuation shows that each of these 
two properties in effect reflects a fairly distinct set of order 
parameters (or molecular processes). 

An intuitive understanding of the difference between 
the behaviors of the volume and the density fluctuation 
can be obtained if we regard the specific volume as rep- 
resenting the average free volume and the density fluctu- 
ation the distribution of free volume in space. In the 
language of "holes", one might also say that, the specific 
volume represents the density of holes and the density 
fluctuation the spatial distribution of these holes. It is then 
not difficult to contemplate physical models in which the 
average and the distribution of free volume do not always 
change in parallel when the structure as a whole undergoes 
a slow relaxation. A simple example of such models was 
already discussed in an earlier paperz1 by one of us. 

The concept of free volume has in the past proven to 
be extremely useful in explaining the gross behavior of 
glass, including the relaxations of volume, enthalpy, and 
mechanical properties. More recently, however, it has 
increasingly been recognized that the concept of free 
volume alone is not sufficient to explain the details of 
observed phenomena, and instead the concept of distri- 
bution of free volume and its change with time are addi- 
tionally i n ~ o k e d . ~ ~ ~ ~  The results presented in this work 
show that the density fluctuation, which can be interpreted 
as a measure of the distribution of free volume, can readily 
be determined in practice by means of small-angle X-ray 
scattering. The density fluctuation provides glimpses into 
the complex structure of glassy materials that are very 
different from those provided by volume, enthalpy, and 
mechanical properties, and its detailed study is likely to 
play an important role in our quest for the understanding 
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Figure 7. Values of I ( 0 )  obtained with four different samples 
(on constant-rate) cooling) are plotted to show the effect of 
molecular weight on the densiw fluctuation of polystyrene glasses. 

annealing must have contributions from both the dynamic 
and quasi-static fluctuations, the former associated with 
volume densification and the latter with structural re- 
organization and consequent elimination of some of the 
frozen-in defects. 

Below about 80 "C, the observed I(0) apparently remains 
constant with time on isothermal annealing. Although 
prolonged annealing might indeed produce a change in 
I(O), the particular mode of relaxation that gave rise to a 
decrease in I(0) with annealing above 80 "C has now been 
almost totally arrested. On the other hand, the volume 
relaxation evidently proceeds at  about the same rate both 
above and below the 'transition" temperature 80 "C. In 
order to reconcile these observations we speculate that the 
fraction of dynamic fluctuation lost as a result of the de- 
crease in compressibility may not simply disappear but 
instead is converted into a frozen quasi-static fluctuation. 
The notion of a sharp distinction between dynamic and 
quasi-static fluctuations, based on the concept of "ideal" 
glass structure, is, of coures, a simplification and their 
certainly exists in reality a spectrum of density fluctuations 
of different relaxation times. Thus, a conversion of some 
of the components of flutuations with annealing from a 
dynamic to a quasi-static category would correspond to a 
gradual change in the relaxation time spectrum of the 
density fluctuation. 

The level of the frozen-in quasi-static fluctuation is 
sensitive to the molecular weight of the polymer. This is 
shown in Figure 7, where the I(0) values determined at  the 
cooling rate of 0.3 "C/min for four different polystyrene 
samples are compared. For the 1800OOO molecular weight 
fraction the I (0)  value in the glassy state is about 2% 
higher than the value for the 17000 molecular weight 
fraction. The specific volume of polymer glasses is known 
to be fairly insensitive to molecular weight. Richardson 
and Savilll8 performed careful dilatometric measurements 
on a series of narrow polystyrene fractions obtained from 
the same commercial source as our samples. According 
to their results, the effect of molecular weight on the 
specific volume at  room temperature for the molecular 
weight range of interest here is insignificant and entirely 
within the experimental error. Their results also show that 
the glass transition temperatures, determined as the in- 
tersection of the linear extrapolations of specific volumes 



434 Macromolecules 1983,16, 434-440 

of the nature of the glassy state. 
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Appendix 
A derivation of eq 6 is given here. The natural choice 

for the reference volume u ,  to be used in eq 4, would be 
a sphere, within which the form factor equals unity and 
without which it equals zero. The  Fourier transform of 
such a form factor decays slowly with increasing s (ap- 
proximately as s-~). As a result the integral in eq 4, with 
I (s )  given by eq 5, diverges. The divergence can, of course, 
be avoided if we use a realistic I ( s )  for larger s, since eq 
5 obviously grossly overestimates the true scattered in- 
tensity a t  large s. An alternate, approximate method is 
to use a form factor that does not drop abruptly from unity 
to zero at  its boundaries. We adopt the following form 
factor: 

C(r) = 23/2 exp(-l/r2/02) (AI) 
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Its volume is given by 

u = JC(r)(47rr2) d r  = (27r1/2u)3 (A2) 

and its Fourier transform by 

@(s) = exp(-2a202s2) (A3) 

The normalization constant 23/2 for C(r) is given by the 
requirement that  

( l / ~ ) J @ ~ ( s ) ( 4 7 r s ~ )  ds = 1 

Substitution of (A3) and (5) into eq 4 then leads to eq 6 
shown. 
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ABSTRACT: Using a very sensitive Nanopar resistive pulse analyzer, we have been able to determine the 
temporal evolution of the cluster size distributions produced by bivalent antibodies cross-linking 0.235-pm 
polystyrene spheres coated with antigen. If X ,  is the mole fraction of clusters containing n spheres and X o  
the mole fraction of spheres initially added, then it is found that the cluster size distributions are determined 
solely by the bonding parameter b = 1 - XXJX, , ,  We report here the dependence of b upon the time t ,  the 
cross-linking antibody concentration [able, and Xo,  the sphere concentration. We have compared these results 
for b( t )  and our previously reported form of the cluster size distribution X , / X ,  = (1 - b)(be-b)n-l/bn! with 
extant statistical and kinetic theories. 

Introduction 
The formation of a distribution of various size clusters 

through the interaction between initially distinct units is 
a central feature of widely diverse processes in chemistry, 
biology, and physics. Examples of these me polymerization 
processes in organic chemistry, antibody-antigen binding 
in immunology, coagulation processes in aerosol and col- 
loidal physics, phase transitions in disordered magnetic 
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spin systems, and percolation processes in statistical 
physics. 

Two viewpoints have been taken to describe the tem- 
poral evolution of the cluster size distributions. In the first, 
the temporally evolving distributions are described by 
means of a set of coupled differential equations: the 
Smoluchowski equations,’ whose coefficients, the bimole- 
cular reaction rate coefficients a,,,, depend upon the 
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